Brauer Groups of Discrete Valuation Rings  by Auslander, Maurice & Brumer, Armand
MATHEMATICS 
BRAUER GROUPS. OF DISCRETE VALUATION RINGS 
BY 
MAURICE AUSLANDER 1) 
Brandeis University Dept. of Mathematics 
AND 
ARMAND BRUMER 2) 
Columbia University, Dept. of Mathematics, New York, U.S.A. 
{Communicated by Prof. H. FREUDENTHAL at the meeting of January 27, 1968) 
§ 1. INTRODUCTION 
Suppose R is a complete discrete valuation ring with a perfect residue 
class field k. Then there is the well known result of Witt that the Brauer 
group of the field of quotients of K is the direct sum of B(k), the Brauer 
group of k, and X(Ak) where X is the character group of the Galois group 
Ak of the maximal abelian extension of k. In the first part of this paper 
we generalize this result as follows. 
Suppose that R is a semi-local Dedekind domain all of whose maximal 
ideals .)) have the property that each Rf.)) is a perfect field. If we denote 
by K the field of quotients of R and by A !:I the Galois group of the maximal 
abelian extension of Rf.)) for each maximal ideal .)) in R, then we have 
an exact sequence 
0 -+ B(R) -+ B(K) -+ EBl:l X(Al:l) -+ 0 
where the map B(R) -+ B(K) is the usual map of Brauer groups induced 
by the inclusion map R C K of rings. 
The paper ends with an application of this result to the study of the 
Brauer group of a function field in one variable K over a field k. The 
main result obtained is that one of the following statements is true of B(K): 
(i) B(K) contains a non-trivial divisible subgroup; 
(ii) k is algebraically closed, in which case B(K) = 0; 
(iii) k is real closed, in which case either B(K) is an infinite group such 
that 2B(K) = 0 or B(K) = 0 depending on whether K has or does 
not have real points. 
1) This work was done while the author was partially supported by NSF GP 4028. 
2) This work was done while the author was on a NATO fellowship. 
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§ 2. PRELIMINARY LEMMAS IN GALOIS COHOMOLOGY 
Let R be a Krull domain with quotient field K and let L be a finite or 
infinite Galois extension of K with Galois group G. We denote by S the 
integral closure of R in L. Let T be the integral closure of R in an inter-
mediate field M of finite dimension over K. Then T is a Krull domain 
whose group of divisors D(T) is defined as the free abelian group generated 
by the minimal primes ofT. If T' is the integral closure of R in a finite 
extension M' containing M, we have a natural map D(T) -+ D(T') taking 
principal divisors ofT into principal divisors ofT' ( [ 4 ], p. 18) and defined 
as follows. For any minimal prime .\) ofT, we set 
(*) iT,T'(.\))= ! e(~/.\)) ~ 
~nT=I1 
where ~ runs through the primes of T' above .\) (these are automatically 
minimal) and e(~/.))) denotes the ramification index of the valuation 
associated to ~ with respect to that associated to .\). We extend iT,T' 
by linearity to obtain the desired map of D(T) into D(T'). We define 
D(S) = lim D(T) where T runs through the finite extensions of R contained 
in S and the inductive maps are those defined above. 
We say that Sis unramified at the minimal primes of R if all the rami-
fication indices e(~/.))) in (*) are equal to 1. As usual, we denote the 
decomposition group of a prime ~ of S by G11 ={a EGja~=~}. 
Lemma 2 .1. Let S be unramified at the minimal primes of R. 
Choose a prime~ of S above each minimal prime.\) of R. Then we have 
an isomorphism of G-modules: 
D(S) "' E9 Mg11(Z) 
11 
where Mg(A) denotes the G-module induced by the H-module A (cf. 
p. I-12 of [8]). 
Proof. Let us suppose first that S is a finite extension of R. It is 
known that two primes above .\) are conjugate through the action of G. 
Hence, writing D 11(S) for the free abelian group generated by the primes 
above.\), we have D(S) = E9 D 11(S) and the elements of D 11(S) correspond 
11 
to linear combinations ! a(a)a-l(P)=cx. To the element ex of D 11(S), 
asG/GI1 
we associate the function a: G-+ Z such that a(m)=a(a) for all a in G 
and -r in G11 • Such functions are simply elements of Mg11(Z) and the map 
just defined is an isomorphism of G-modules between D 11(S) = Mg11(Z). 
This proves our claim in caseS is finite over R. The general caseS follows 
upon taking the inductive limit over the finite extensions of R contained 
inS. 
Corollary 2. 2. Hq(G, D(S)) = E9 Hq(G11 , Z). 
11 
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Proof. Since profinite cohomology commutes with direct limits, this 
is an immediate consequence of the lemma and the basic properties of 
induced modules (cf. Proposition 10, Chapter I of [8]). 
We recall that a unique factorization domain is a Krull domain T in 
which every minimal prime is principal, or equivalently in which every 
divisor of T is principal, i.e. in which the sequence 
1 -+ U(T) -+ U(M) -+ D(T) -+ 1 
is exact, where U(A) denotes the group of units of the ring A and M is 
the quotient field of T. 
Proposition 2.3. SupposeS is unramified at the minimal primes 
of R and satisfies the following condition: the integral closure T of R 
in any finite extension M of K in L is a unique factorization domain. 
Then, for each q, we have an exact sequence: 
0-+ Hq(G, U(S)) -+ Hq(G, U(L)) -+ EB Hq(Gp, Z) -+ 0 
'j) 
which splits if L is a finite extension of K. 
Proof. Let M be a finite Galois extension of K contained inLand let 
T be the integral closure of R in M. We first show that the exact sequence 
1 -+ U(T) -+ U(M) -+ D(T) -+ 1 
splits as a sequence of modules over the Galois group H of M over K. 
For each minimal prime~ of R, let 0 be a prime ofT above~- Let H 0 
be the decomposition group of 0 and let Z be the integral closure of R 
in the fixed field of H 0 so that 0 is the only prime above 0 n Z. By 
hypothesis, Z is a unique factorization domain, in particular 0 n Z is a 
principal ideal generated, say, by a prime element t0 in Z. Since the 
ideals above ~ are conjugates of 0, we define a map I: D(T) -+ U(M) by 
linearity from l(a0)=a(t0 ). Our choice of t0 implies that I is well defined 
and defines an H-morphism which splits the sequence. Thus the cohomo-
logy sequence yields split exact sequences: 
0-+ Hq(H, U(T))-+ iJq(H, U(M)) -+ Hq(H, D(T)) -+ 0. 
Since cohomology commutes with direct limits, we conclude the proof 
by passing to the limit over all finite T and using Corollary 2.2. 
For any extensionS of the ring R, we denote by B(SfR) the subgroup 
of the Brauer group B(R) of R split by S, i.e. the kernel of the natural 
map B(R) -+ B(S). 
Corollary 2.4. Under the same hypotheses as in Proposition 2.3, we 
have an exact sequence 
0-+ B(SjR) -+ B(LfK) -+ EB X(Gp) -+ 0 
'j) 
where X(H) is the character group of the profinite group H. 
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Proof. It follows from Theorem A. 15 of (3] that B(SfR) =H2(G, U(S)) 
and that B(L/K) =H2(G, U(L)). Since H 2(Gp, Z) =H1(Gp, Q/Z) =X(G:p), the 
corollary is the case q = 2 of Proposition 2.3. 
§ 3. THE BRAUER GROUP OF DISCRETE VALUATION RINGS 
Let R be a regular semi-local domain with quotient field K. Let M 
be a finite extension of K and let T be the integral closure of R in M. 
If T is unramified at all the minimal primes of R, then T is unramified 
over R by the purity of branch loci at simple points ([6], Theorem 41.1). 
Hence T is a regular semi-local domain ([1], Proposition 5.1) and in 
particular is a unique factorization domain ([6], Corollary 28.8). It is well 
known that the composition of unramified extensions is unramified, so 
that we may consider the maximal unramified extension L of K (in a 
fixed algebraic closure of K). By what we have just seen, the integral 
closure S of R in L satisfies the hypotheses of Corollary 2.4. 
Theorem 3 .1. Let R be a regular semi local domain and let B(K) 
be the subgroup of B(K) split by the maximal unramified extension of K. 
Then 
0--+ B(R) --+ B(K) --+ E8 X(G:p) --+ 0 
p 
where 1J runs through the minimal primes of R. 
Proof. In view of the discussion above, the theorem will follow from 
Corollary 2.4, once we prove that every central separable R-algebra A 
is split by S. 
By Theorem 1 of [5], A has a splitting ring T' which contains R, is 
a separable R-algebra and is a finitely generated free R-module. Then 
M' =T' &Jn K is a commutative separable K-algebra and thus is the direct 
sum of separable field extensions. Let M be any one of these direct sum-
mands, so that A is split by M, since it is split by M'. Now the projection 
ofT' on M is the integral closure T of R in M by Proposition 4.3 of [1] 
and T is a separable R-algebra, i.e. M is unramified over K and we can 
suppose without loss of generality that M C L. Since T is a regular domain 
and A is split by M, we conclude from Theorem 7.2 of [3] that A is split 
by T and a fortiori by S. 
Lemma 3.2. Let R be an integrally closed noetherian semi-local 
domain with field of quotients K. Let S be the integral closure of R in 
the maximal unramified extension L of K. Let im be a maximal ideal 
of S lying a hove the maximal ideal m of R. Then E = S fSJJC is a separable 
closure of k = Rfm and the decomposition group Gm is naturally isomorphic 
to the Galois group of E over k. 
Proof. Clearly, there is a natural homomorphism of Gm into the 
group of k-automorphisms of E. Since S is unramified, this is an iso-
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morphism and in particular E is Galois over k ([8], Proposition 41.2). 
We must therefore show that E is separably closed. 
Let m=m~, ... , mr be the maximal ideals of R. Let k' be a finite Galois 
extension of k, with group G. We may suppose that k' = k(t) where t is 
the root of the monic irreducible polynomial /I in k[X] of degree n = [k': k]. 
Choose for each 2 <; i <; r a separable monic polynomial I i of degree n in 
R/mt[X]. By the Chinese remainder theorem, we can find a monic poly-
nomial Fin R[X] whose image in Rfmt[X] is It for 1 <;i<;r. Since /I is 
irreducible, so is F; hence R'=R[X]f(F) is an integral domain and a free 
R-submodule of the field K' =K[X]f(F). Because lt(X) is separable, the 
derivative l;(x), at the image x of X in R', does not vanish in R/mtR. 
It follows that F'(x) is a unit in Rand the standard calculation of differents 
shows that R' is the integral closure of R in K' and that R' is unramified 
over R. Let M be a Galois closure in L of K' over K and let T be the 
integral closure of R in M. Then Tis unramified since it is the composition 
of R' and its conjugates ( [1 ]) and there is an epimorphism 0 : R' 0 ... 0 
0 R' -+ T which induces an epimorphism 0 : R' fmR' 0 ... 0 R' jmR' -+ 
-+ T jmT upon tensoring with Rjm. But R' jmR' = k' is a Galois extension 
of lc and thus TjmT ~ k' EB ... EB k'. In particular, if ~ is a maximal 
ideal ofT above m, then Tj~ ~ k'. Thus E=SfSJJC contains the given 
extension k' rov Tj(WC n T). 
We may combine the preceding results in case minimal and maximal 
primes coincide to generalize a classical theorem of Witt on complete 
valuation rings ([7], [9]). 
Theorem 3. 3. Let R be a discrete rank one valuation ring with 
field of quotients K and residue class field k=Rfm. Let Ak be the Galois 
group of the maximal abelian extension of lc. Then the folio" ing sequence 
is exact: 
If k is perfect, then Bu(K) = B(K). 
Proof. Only the last assertion remains to be proved. The result is 
classical in case R is complete, see for instance Theorem 8 of Chapter 5 
of [7]. The following lemma shows that the general case is a consequence 
of this special case. 
Lemma 3. 4. Let R be a discrete rank one valuation ring with quotient 
field K. Let E be a central simple algebra over K and suppose that its 
completion i: has a splitting field L which is an unramified extension 
of 1?.. Then E has an unramified splitting field. 
Proof. Let R be the completion of Rand letS be the integral closure 
of R in L. Let m be the maximal ideal of R, then S jmS is a separable field 
extension of Rfm=Rfm. Thus SfmS""' (Rjm)[X]f(f) where I is a monic 
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separable irreducible polynomial in (Rjm)[X]. Let F be a monic poly-
nomial in R[X] whose image in (R/m)[X] is f. Then the argument in the 
proof of Lemma 3.2 together with Hensel's lemma show that S ~ R[X]j(F). 
Therefore Sis the completion of T=R[X]f(F). Let L' be the quotient 
field ofT, then L' is an unramified extension of K. Let A be a maximal 
~ 
T-order in the central simple £'-algebra I: 0K L'. Then A is a maximal 
T-order in E 01[ L. Because i: ® L splits, A is a separable T-algebra 
(which in fact splits) and thus A is a separable T-algebra since AfmA ~ 
~ AfmA. Since T is also local, A can be split by an unramified extension 
of T as we saw in the proof of Theorem 3.1. In particular I: can be split 
by an unramified extension of K. 
Corollary 3. 5. Let R be a discrete rank one valuation ring. Then 
B(R) = Bu(K) if and only if Rjm has no abelian extensions. 
Corollary 3.6. In the commutative diagram (where lc=Rfm) 
0--+ B(R)--+ B(K) --+ X(Ak) --+ 0 
+ + + 
o--+ B(R) --+ B(K) --+ X(Ak) --+ o 
the kernels (resp. cokernels) of B(R)--+ B(R) and B(K)--+ B(K) are 
isomorphic. 
Let R be an integrally closed noetherian domain such that the residue 
class field of R., is perfect for each minimal prime p of R. According to 
Theorem 3.3 we have an exact sequence 
where A., is the Galois group of the maximal abelian extension of R.,fpRll. 
Let us show that the image of a given element I: of B(K) has image 0 
in X(A.,) for all but a finite number of minimal primes p. In fact, let r 
be a maximal R-order in the central simple K-algebra I:. Its homological 
different 'f)(FJR) is an ideal of R which is contained in at most a finite 
number of minimal primes p of R; for the others, r., is a central separable 
R.,-algebra, i.e. I: has image 0 in X(Ap) for almost all minimal primes p. 
Proposition 3.7. Let R be an integrally closed noetherian domain. 
Suppose that for each minimal prime p, the residue class field !c.,= R.,fpR., 
is perfect and let A., be the Galois group of the maximal abelian extension 
of !c.,. Then 
0--+ n B(R.,) --+ B(K) --+ 87., X(A.,) . 
., 
If R is a regular domain of dimension at most 2, then this sequence 
reduces to 
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Proof. It remains to verify the last assertion, namely that n B(R~) = 
~ 
=B(R). But this is the content of Proposition 7.4 of [3]. 
As we see by taking for R the ring Z of integers, the map B(K)---;. 
---;. ED~ X(A~) need not be surjective, even for a principal ideal domain. 
Theorem 3. 8. Let R be a semi-local Dedekind domain with quotient 
field K whose residue class fields are perfect. Then we have an exact 
sequence 
0 _,. B(R) _,. B(K) _,. EB~ X(A~) _,. 0. 
Proof. LetS be the maximal unramified extension of R and let L 
be the quotient field of S. As a consequence of Corollary 2.4 and 
Proposition 3.7, we have an exact diagram 
0 0 
+ + 
0 _,. B(SJR) _,. B(LJK) _,. EDll X(All) _,. 0 
+ + + = 
o _,. B(R) _,. B(K) _,. EDll X(All) 
which proves our claim. 
Corollary 3. 9. In Proposition 3.7, the projection B(K)---;. ED X(A.,) 
l>•F 
on a finite set F of minimal primes is surjective. 
Proof. In fact, it suffices to apply the Theorem to the subring 
R'= n Rll of K. 
ll•F 
Remark 3.10. If the residue class fields are not perfect, the results 
above remain correct if we consider only the l-primary components of 
all groups considered, with l distinct from the residue characteristics. 
In fact, it suffices to show that Bu(K)(l) = B(K)(l) for a field K complete 
under a discrete rank one valuation with l distinct from the residue 
characteristic. This can be found on p. 195 of [9]. 
§ 4. THE BRAUER GROUP OF FUNCTION FIELDS 
Our starting point will be a second application of Corollary 2.4. Let 
k be a perfect field, k an algebraic closure of k. We consider the ring 
R=k[X] whose quotient field is k(X). The field k(X) is an unramified 
extension of k(X) satisfying the hypotheses of Corollary 2.4. We note that 
U(k[X]) = U(k) and that B(k(X)) = 0 by Tsen's theorem. Hence we have 
proved the following. 
Proposition 4.1. Let k be a perfect field. Then we have an exact 
sequence: 
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where p runs through the maximal ideals of k[X], kl1=k[X]fp and Gkp 
is the Galois group of Tc over kp. 
We shall denote by Ap the.p-primary component of the abelian group A. 
Lemma 4.2. Let k be a perfect field and let K=k(X). For any 
prime p, one of the following holds: 
(i) B(K)p contains a non trivial divisible subgroup, i.e. a copy of Qp(l;p. 
(ii) The Galois group G(kfk) has order prime to p, so that B(K)p = 0. 
(iii) p=2, k is a formally real field and G(k/k(V-1)) has order prime 
to 2. Then B(K}2-#0 but 2B(K)=0. 
Proof. We suppose that (i) does not hold for the prime number p. 
By duality, Proposition 4.1 shows that for each finite extension k' of k, 
the Galois group Ak' of the maximal abelian p-extension of k' is a torsion 
compact group. 
First, let p be distinct from the characteristic of k. Set k1 = k(PV1) if p 
is odd and k1 = k(v=T) if p = 2. Adjoining the pn th roots of unity, 
n= 1, 2, ... to k1 gives an extension of k1 whose Galois group is a subgroup 
of the p-adic integers. Such a subgroup can be torsion only if it is trivial. 
Hence k1 contains all the pn th roots of unity. We claim that G(k/k1) 
has order prime to p. Otherwise, we could find a cyclic extension ka/k2 
of degree p with a finite extension k2 of k1. By Kummer theory, ka = k2(PVx). 
Adjoining the pn th roots of x, n= 1, 2, ... would yield a Galois extension 
whose Galois group is isomorphic to the p-adic integers, in contradiction 
to our hypothesis. Since [k(PVl): k] has order prime top for odd p, we 
have proved (ii) in this case and also if V'=l is in k and p = 2. If p = 2 
and V'=l ~ k, a 2-Sylow subgroup S of G(kfk) has order 2 and therefore 
the fixed field L of S is a subfield of Tc of codimension 2. By the theorem 
of Artin-Schreier, L is a real closed field, so that k is formally real. Since 
G(k/k(V -1)) has order prime to 2, we have 
B(K(V -1))2=H2(G(k/k(V -1)), k(X))2=0 
and therefore 
2B(K)2 = 2H2(G(k(V -1)/k), K(V -1)) = o 
On the other hand the ordinary quarternian algebra induces a non 
trivial element of B(K)2. 
It remains to handle the case where pis the characteristic of k. By [8], 
we know that the Galois group ~k of the maximal p-extension of any 
extension k' of k is a free pro-p-group; hence its maximal abelian quotient 
Ak' is a free abelian pro-p-group, i.e. a product of copies of the p-adic 
integers. Since Ak' is torsion by lypothesis, we have Ak' = 1 for all finite 
extension k' of k and we conclude as above. 
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Lemma 4.3. Let R be a discrete rank one valuation ring of charac-
teristic p > 0. Let K be the quotient field of R and let k be its residue class 
field. Then B(K) is divisible by p. If B(K)p = 0, then k is perfect. 
Proof. We know from Proposition 3, page Il-4, of [8] that the 
cohomological p-dimension of G=G(k8/K) is at most 1 (where Ks denotes 
the separable closure of K), i.e. H 2(G, A)=O for all torsion p-primary 
G-modules A. Consider the exact sequence 
and passing to cohomology we obtain the surjection 
Since B(K) =H2(G, K 8 ), the first assertion is proved. To prove the second, 
let m be the maximal ideal of R and let t be a generator of m. Let L = K (y) 
where yP-tP-ly=t. Since this is an Eisenstein equation, L is a totally 
ramified extension of degree p over K and y generates the unique maximal 
ideal of the integral closure S of R in L. The roots of the equation are 
given by y+rt, r=O, 1, p-1, hence Lis a cyclic extension of K and the 
norm map from L to K induces the pth power map on the common residue 
class field k. If we suppose that B(K)p = 0, we conclude that the norm 
map is onto K. Therefore the pth power is surjective on k, i.e. k is perfect. 
Lemma 4.4. (i) If K is a purely inseparable extension of k and 
B(K)p contains a non trivial divisible subgroup so does B(k)p. 
(ii) If Kfk is a finite extension and B(k)p contains a non trivial divisible 
subgroup, so does B(K)p. 
Proof. Since, in general, K is purely inseparable over the separable 
closure of k in K, it suffices to treat separately the separable and purely 
inseparable cases. Denote by k8 and K 8 the separable closures of k and K. 
(i) Suppose K fk is purely inseparable, then G = G(k8 fk) may be identified 
with G(K8fK). Let q be the exponent of inseparability of Kover k. Consider 
the exact sequence of G-modules. 
in which the third term is a torsion group of exponent q. We know that 
cdpG<, 1, as we saw above, hence 
or equivalently 
0--+ B(Kfk)--+ B(k)--+ B(K)--+ 0 
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in which the first term has exponent q. This proves the first claim and the 
second in the inseparable case. 
(ii) Suppose next that Kfk is separable. Let G=G(k8fk) and let 
H =G(k8fK). Then the natural map B(k) ___,.. B(K) corresponds to the 
restriction map H2(G, k:) ___,.. H2(H, k:). Since cor o res is multiplication 
by [G: H], (p. I-ll of [8]) the kernel has finite exponent. Hence the lemma 
is proved in this case also. 
We are now ready to prove a converse to the theorems of WITT and 
TSEN ([10], [11]). 
Theorem 4.5. Let K be a finitely generated extension of k of tran-
scendence degree l. Then one of the following holds for each prime p. 
(i) B(K)p contains a non trivial divisible subgroup. 
(ii) p=char k, k is perfect and G(kfk) has order prime to p. 
(iii) p#char k and p is prime to the order of G(k8fk) where ks is the 
separable closure of k. 
(iv) p = 2, k is formally real and G(kfk(V -1)) has order prime to 2. 
In case (ii) and (iii) B(K)p = 0 while in case (iv) B(K)2 # 0 but 2B(K)2 = 0. 
Proof. The field K is a finite extension of a purely transcendental 
extension k(X). Suppose (i) fails for a prime p; according to Lemma 4.4, 
we may suppose that B(k(X))p contains no divisible subgroup. If p is 
the characteristic of K, then k is perfect by Lemma 4.3 and (ii) follows 
from Proposition 4.2. Next, let q#p be the characteristic of k and let 
kt = kq-oo be the maximal purely inseparable extension of k. Then Kkt/ K 
is a purely inseparable extension, hence B(kt(X))p does not contain a non 
trivial divisible subgroup by Lemma 4.3. Since Kt is a perfect field, our 
claims follow from Proposition 4.2 and the identification G(ks{K) =G(kfK,). 
Corollary 4.6. Let K be a finitely generated extension of k of 
transcendence degree at least 2. Then B(K) contains a copy of Q/Z. 
Proof. In fact K can be considered a field of transcendence degree 1 
over a field M which is a purely transcendental extension of k in at least 
one variable. Clearly if we apply Theorem 4.6 to KfM, only the first 
possibility is available. 
Corollary 4. 7. Let K be a function field in one variable over k. 
Then one of the following holds. 
(i) B(K) contains a non trivial divisible subgroup. 
(ii) k is algebraically closed, in which case B(K) = 0 
(iii) k is real closed, then 2B(K)=0 (with B(K) infinite) or B(K)=O 
according to whether K has or does not have real points. 
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Proof. Suppose B(K) does not contain a non trivial divisible sub-
group. Then case (i) of Theorem 4Ji fails for each prime p. Hence k is 
either algebraically closed or real closed. In the first case B(K) = 0 by 
Tsen's theorem. In the second case, if K has no real points B(K) = 0 
also by Witt's theorem. Let k be the field of real numbers 'lr:l and suppose 
K has a real point. Then K has infinitely many real points. In fact, K 
is the field of rational functions of a non singular curve defined over n. 
We may invoke the implicit function theorem to conclude that this curve 
is a one dimensional real manifold (the condition on the jacobian follows 
from the non singularity)! It is now easy to check that if k is an arbitrary 
real closed field and K has a point in k, then it has infinitely many points 
in k. In particular, it follows from Corollary 3.9, that B(K) is infinite. 
This concludes the proof of the corollary. 
Corollary 4.8. lc is algebraically closed if and only if B(k(X))=O. 
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